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SUMMARY

Turbulence and aeroacoustic noise high-order accurate schemes are required, and preferred, for solving
complex flow fields with multi-scale structures. In this paper a super compact finite difference method
(SCFDM) is presented, the accuracy is analysed and the method is compared with a sixth-order
traditional and compact finite difference approximation. The comparison shows that the sixth-order
accurate super compact method has higher resolving efficiency. The sixth-order super compact method,
with a three-stage Runge—Kutta method for approximation of the compressible Navier—Stokes equa-
tions, is used to solve the complex flow structures induced by vortex—shock interactions. The basic nature
of the near-field sound generated by interaction is studied. Copyright © 2001 John Wiley & Sons, Ltd.

KEY WORDS: compressible Navier—Stokes equations; sound generation; super compact finite difference
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1. INTRODUCTION

For solving complex flow fields with multi-scale structures, attention must be paid to two
important factors. One of them is to ensure that the effect of the physical diffusion must not
be masked by numerical dissipations. This is especially important for directly simulating
turbulent flows and aeroacoustic sound originating from disturbances of the pressure field with
small amplitudes. Another important factor is to ensure that the phase speed of flow structures
can be well approximated. For simulating the complex flow fields it is necessary that dispersion
of physical acoustic waves can be approximated well in a wider range of wavenumbers. The
commonly used second-order accurate schemes with limited number of grid points usually
cannot give correct descriptions of both the amplitude and phase speed for the small-scale flow
field structures. From linear analysis and numerical experiments it can be seen that the
higher-order accurate method can give better resolution of the complex flow fields with
multi-scale structures.
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There are three kinds of finite difference methods with high-order accuracy. They are the
traditional finite difference schemes [1], symmetrical and upwind compact schemes [2—4] and
super compact difference schemes [5,6]. For the traditional difference schemes it is difficult to
increase the order of accuracy of approximation. When higher-order accurate schemes are
needed one has to enlarge the stencil of grid points. This leads to a difficult treatment of the
boundary conditions and difference approximations at the points next to the boundaries. The
situation is better for the compact schemes; the stencil is smaller than that of the traditional
difference schemes. However, for higher-order compact difference schemes the stencil still has
to be enlarged and it is difficult to get closed formulae for arbitrarily high accurate schemes.
In References [5,6], the so-called super compact finite difference method (SCFDM) is devel-
oped. With the SCFDM, arbitrarily high accuracy can be obtained only with two or three grid
points.

In the present paper, the SCFDM is presented, the behaviour of the numerical solution with
the SCFDM is analysed and then the method is used to simulate vortex—shock interactions.
Recently, researchers have paid more attention to problems of vortex—shock interactions. It is
known that shock can change the coherent structures that play important roles in mixing for
supersonic combustion problems. The vortex—shock interaction is also a good model for
understanding sound generation. In Reference [7] a two-dimensional weak vortex—shock
interaction is studied numerically, with the sixth-order accurate Padé spatial discretization. The
same problem is solved with the same scheme as in Reference [§], but the emphasis is on the
sound field generated by vortex—shock interactions. To obtain better resolution of the shock,
1044 (x-direction) x 1170 (y-direction) mesh grid points are used [8]. The vortex—shock
interaction problem is also studied numerically in References [9—-12], and basic shock struc-
tures in vortex—shock interaction are discussed. In present paper an accuracy analysis of the
SCFDM is given and the method is applied to simulate the same problem. Further details are
given.

The method of discretization is given in Section 2, the mesh grid and the boundary and
initial conditions are given in Section 3 and the computed results are presented in Sections 4
and 5.

2. SUPER COMPACT FINITE DIFFERENCE METHOD (SCFDM)

The difficulties in correctly simulating aeroacoustic field include a large disparity between the
energy levels of the unsteady flow fluctuations and the sound, and an even larger disparity in
length scales. Also, the characteristic flow speed is small compared with the speed of sound
propagation in the medium. In order to correctly simulate this kind of flow structure, it is
necessary that the numerical method has small dispersion and dissipation errors, and can
capture the multi-scale structures. With the limitation of computer resources, high-order
accurate methods are preferred. With the same number of the mesh grid points, the high-order
schemes have a wider range of wavenumbers for correct simulation. In high-order schemes
with the same order of accuracy, the SCFDM developed by the authors in References [5,6] has
higher resolving efficiency. In this section we will present the SCFDM and analyse the
accuracy of numerical solutions.
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2.1. Method

Define n-dimensional vectors
F=[fO,f&, ., feN-nr
e, =[1,0,...,0]"

and N x N matrices

11 -
11 31 5 2N —1]!
o 11 1 _ )
20 4l 2V — D! 0 0 0 0 0
1 00 -+ 0 0
A= 2! =2 |, =210 00
: 0 0 0 0 0
1
0O 0 0 a _0 0 0 0_
1
0 0 0 5
where
al
f<1>:Axla?f/ (2-1)

The simpler three-point SCFDM for approximation of the odd derivatives is expressed as
follows:

1
~LF, ., =8%e, 2.2)

1
—5 L+ (L+ A)F,—

2

where

ovfi=Fi—fi+) 23)
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If the point function f; is given we can get all ff* ', where /=1,2,..., N. The relation
P12 JAx? — 1 approximates the derivative 8%~ 'f/0x* !, with accuracy of order 2(N — [+ 1).
In the present computation N = 3 is used to compute f<'?/Ax, which approximates df/dx with
sixth-order accuracy.

For computing the discrete approximation of the second derivative 0%f/dx? we define

S=[f @, e

111 1

21 41 6 [2N]!

o L L . 1
21 4l 2(N— 1)

1 1
B 2! 2(N—2)]!

1

0 0 0 2

1

0 0 0 5

The difference equations with the SCFDM for obtaining the difference approximation for the
even derivatives in the vector form are expressed as

1 1 1
—5 LS i+ (L+B)S, 5 LS, =50 (2.4)

where
02=08}r67 (2.5)

The matrix L and the vector e, are defined as before. The relation f<*?/Ax? approximates the
derivatives 0%f/0x? with accuracy of order 2(N — [+ 1).

2.2. Accuracy analysis

In References [5,6] the accuracy of the SCFDM is not compared with other schemes. In this
section, the accuracy of the sixth-order accurate SCFDM for the first derivative is analysed
and compared with the sixth-order accurate traditional and the symmetrical compact differ-
ence approximation developed in References [1,2].
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The sixth-order accurate traditional difference approximation is expressed as

1
E}:@[45(]§+1_];71)_9(1342_/[/‘72) +f}+3_f}73] (2‘6)

where F;/Ax is an approximation of (Jf/0x);.
The sixth-order compact difference approximation is

1 3 1 14 X 1
§1ﬂ+1+§1‘}+§1’,~,1=352}‘,+@53(ﬂ+1—Jﬂfl) 2.7

There are two ways to estimate the formal accuracy of schemes. One of them is to consider
the truncation errors (T.E.). The truncation errors for the traditional, compact and super
compact difference approximations with sixth-order accuracy are as follows:

traditional difference approximation

AxS 7
TE. =21607—)§% (2.8)

compact difference approximation

12 Ax6 97
T.E. :?T% 2.9)

super compact difference approximation

Ax® 07f

From the above-listed truncation errors it can be seen that the compact difference approxima-
tion is better than the traditional approximation, and the super compact difference approxima-
tion is better than the compact difference approximation.

Another way for estimation of the resolving efficiency is by using Fourier analysis [2]. The
modified wavenumbers for the sixth-order accurate traditional, compact and super compact
difference approximation are [2,4,6]

traditional difference approximation
3. : 1 .
K(x)= 3 sin(o) — 0.3 sin(2a) + 30 sin(3«) (2.11)

compact difference approximation
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28 sin(e) + sin(2x)

() = 2.12

Ki®) = =5+ 2 cos(a)] 212)
super compact difference approximation

K () = 5 sin(e) [5 + cos(a)] (2.13)

16 + cos(a)[13 + cos(a)]

where o = KAx. Variations of the modified wavenumbers K;(«) versus « are given in Figure
1(a). Figure 1(b) gives the variations of group velocity of wave packets defined by D(a) =
dK;(o)/da for the difference approximation [4]. The group velocity defines the speed and the
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Figure 1. (a) Variation of modified wavenumbers versus o« = kAx. (b) Variation of group velocity of
wave packets versus o = kAx.
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direction of propagation of wave packets in numerical solutions. For the exact solution,
K, (¢)=a, D(x)=1.0. From Figure 1 it can be seen that the super compact difference
approximation has better resolving efficiency.

In multi-dimensional problems, the dispersion effect appears in the form of anisotropy. In
order to analyse the anisotropic effect, we consider the following model equation:

ou ou ou
E-l—aa—i—b@:& a, b= constant (2.14)

with the initial condition
u(x, 0) = exp{i[K-X]} (2.15)

where K =[k,, k,], X=[x, y]” and k,, k, are wavenumbers in the x- and y-directions respec-
tively. Define

a b T
I= @+ b2 (@ + b2
or
I=[cos @, sin 0"

where 6 is the azimuthal angle.
The exact solution for Equation (2.14) with initial condition (2.15) can be expressed as

u(X, 1) = exp{i[K-X — (a* + bV K-Iz]}. (2.16)
The semi-discrete approximation for Equation (2.14)

0 F; F
S A

- 2.1
o taa a0 @17)

with initial condition (2.15) has the exact solution as follows:

u(X, t) =exp{ — (a*>+ bH'?K Lt} -exp{iK-[X — (a? + b>)'1t]}

KW K@
l;=[cos0',sin() : ], o= k,Ax
o B

KO KO
I}z[cosﬁ L sin 6 [; ] . B=kAy (2.18)
o
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where KO, K vectors I) and I. are functions of « and f. I, is related to numerical
dispersions and I’ is related to numerical dissipations. For different schemes I, and I; are
different. Suppose the scheme is non-dissipative, I,=0, a=b=1 and Ax=Ay=h. The
dispersion relation for the exact solution can be obtained from Equation (2.16)

w,=(@*+bHVKIh=a+p (2.19)
The dispersion relation for Equation (2.18) is
w, = (a*+b?)'"’K-I)h = K,(«) + K,(B) (2.20)

The contours w,=constant for an exact solution is given in Figure 2(a) and contours
w;,=constant for the above-listed sixth-order accurate schemes are given in Figure 2(b)—(d).

From Figure 2 we see that there are serious anisotropic effect for high wavenumbers.
The direction normal to the lines of w = constant shows the propagation direction of wave
packets. In the numerical solution we have wrong propagation speeds for very high
wavenumbers. Comparing Figure 2(b)—(d) with Figure 2(a), we see that within the sixth-
order accurate schemes the SCFDM has better resolving efficiency.

From Equations (2.2), (2.6) and (2.7) we see that the traditional difference approximation
has the largest stencil of mesh grid points and the SCFDM has the smallest. With the
SCFDM, the same difference relations can be used for all the interior points and the
difference approximations do not need to be treated specially at the near-boundary points.

2.3. Time integration

The above sixth-order accurate SCFDM with three-stage Runge—Kutta method is used to
solve the two-dimensional compressible Navier—Stokes equations for the simulation of
vortex—shock interactions. After spatial discretization we obtain the difference equation

du
o= L® 2.21)

The three-stage Runge—Kutta method in time integration is as follows:

UY = U"+ AtL,(U") (2.22a)
3 1
U® — : U+ i [UD + AtL,(UD)] (2.22b)
1 2
Ur+! :g U +§ [U;?) + A[Lh(U(z))] (2.220)
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Figure 2. Anisotropic effect coutours of dispersion relations: (a) exact solution; (b) sixth-order traditional
scheme; (c¢) sixth-order compact scheme; (d) sixth-order SCFDM.
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Figure 2 (Continued)
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3. MESH GRID SYSTEM, BOUNDARY AND INITIAL CONDITIONS

A standing shock is initially located at x= —0.1. A vortex or a pair of vortices is initially
located upstream and is going through the shock. The computational domain is a rectangular
—6.0<x<20.8, —12<y<12. Near the origin of co-ordinates (0, 0) uniform fine mesh is
used in both the x- and y-directions. In the far field from the origin, a uniform coarse mesh
is used, and between the fine and the coarse mesh grid, the spatial increment is variable. The
co-ordinate transformation is continuous, and has continuous derivatives. In all computations
Axpin =0.2472 Ax,. =0.1, Ay,iu =0.2372 and Ay, = 0.12. The number of grid points is
601 x 601.

In the computation periodic boundary conditions are used at upper and lower boundaries,
and non-reflecting conditions are imposed at the downstream boundary.

Initial data consist of a streamwise supersonic flow with a vertical shock and a vortex
located upstream from the discontinuity. The uniform incoming flow has Mach number M.
The vortex is assumed to have velocity distributions [8] as follows:

max

uy(r) = M exp[(1 —r?)/2] (3.1a)
U, =0 (3.1b)

where r is the distance normalized by the radius of the vortex from the considered point to the
centre of vortex. The tangential velocity component u,(r) and the radial velocity component u,
are normalized by the upstream sound velocity a.,. The Mach number M, of the vortex is
defined by M, = uy../a.,, where ug,,., 1s the maximum tangential velocity at » = 1. The initial
pressure and the density distributions are expressed by [8]

1 y— 1 /@y —1)
P(r)=- [1 - M? exp(l — 72)} (3.2a)
y

y— 1 y/(y—1)
p(r)= |:1 — 5 M?exp(l — rz)]:| (3.2b)

where y denotes the ratio of specific heats, y = 1.4. The density p and the pressure P are
normalized by p., and the sound velocity a., where the subscript oo denotes the quantity
upstream of the shock.

4. SINGLE VORTEX-SHOCK INTERACTION

4.1. Computed results

Two cases are computed for a single vortex—shock interaction. The flow parameters for the
first case (case A) are M =1.2, M,=0.25, Re =800, and for the second case (case B) are
M, =129, M,=0.39, Re=800. For both cases the initial shock is located at x = — 0.1, and
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the centre of the vortex is initially located at the point (— 3, 0). The vortex rotates in a
clockwise direction.

The sound field is defined by the pressure difference AP = (P — P,)/P.,, where P, is the
undisturbed pressure behind the shock. The computed sound fields (contours of AP) for case
A are given in Figure 3(a)—(c) at t=2.0, 5.0 and 7.0. Figure 3(d) gives the density field at
t=7.0. The solid lines for the pressure difference means AP >0, and it is denoted by the
symbol ‘4’ in the figures. The dash lines means AP < 0, and it is denoted by symbol ‘ —’. The
computed sound fields for case B are given in Figure 4 and the density and Mach number
contours are given in Figure 5.

Initially from the sound field we can see the outer precursor quadrupolar nature of the
sound and the second sound following the precursor. Also, we can see that the sound consists
of two parts. The first part mainly concentrates near the vortex and moves together with the
vortex. It only has transportation characteristics and does not propagate away from the vortex
(Figures 3 and 4). It is called pseudo-sound. The second part propagates away from the vortex
with sound speed. That is the source of noises.

4.2. Analysis of sound generation

A schematic diagram of the flow field structures behind the shock during the time of
vortex—shock interaction is given in Figure 6. When the vortex starts to interact with the
shock, the velocity field of the vortex is added and the shock is convected toward the
downstream by a higher streamwise velocity, u., + u,, in the upper part of the plane, and
toward upstream by a lower streamwise velocity, v, — u,, in the lower part of the flow field.
Therefore, the shock shape is deformed as shown in Figure 6. The deformation process can be
seen clearly in Figures 3 and 4. At the early stage of interaction, the shock is stretched
symmetrically according to y = 0.

Consider the flow structure in the upper plane behind the shock. It is obvious that AP >0
behind the shock in the zone near the point B (Figure 6) because of a higher upstream
incoming Mach number M_, + M,. Moreover, by oblique shock theory, from the shock shape
it can be seen that in zones bed and defgh behind the shock, the flow is going towards the zone
near point B. This means that the flow is compressed in the vicinity of point B. This
compression phenomenon can be observed in Figures 3(a) and 4(a). At the same time we have
rarefaction in the area near point C because of the lower velocity upstream of the shock and
the flow direction near zones efg and ijk behind the shock. That is, the flow is going towards
the upper-right behind efg and towards the lower-right behind ijk. With similar analysis we
know that the rarefaction is near zone A and the compression is near zone D behind the shock.
These rarefaction and compression are much weaker compared with those in zones C and B
behind the shock. The reason is weaker interaction of the outer part of the vortex with the
shock and the one-side effect of compression in zone D and rarefaction in zone A. At this
moment, due to deformation of the shock, the precursor quadrupolar nature of the sound is
formed initially. It can be seen in Figures 3(a) and 4(a).

When the centre of the vortex just goes through the shock by using the normal shock
relations we can get the pressure P, at point d and P, at point / behind the shock (Figure 6).
The pressure difference between points d and /4 is

Copyright © 2001 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2001; 36: 773—805
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t=2.0

Il

Figure 3. Time development of flow field for case A: (a) pressure field, — 0.5 < AP <0.15, 80 levels; (b)
pressure field, —0.45 < AP <0.25, 80 levels; (c) pressure field, — 0.5 < AP <0.125, 80 levels; (d) density
contours, 1.001 < p <1.42, 80 levels.
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Figure 3 (Continued)
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Figure 4. Time development of pressure field for case B: (a) —0.5<AP <0.5, 80 levels; (b) —0.5<
AP <0.3, 80 levels; (¢) —0.6 <AP <0.2, 80 levels; (d) —0.3 <AP <0.12, 60 levels.
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Figure 4 (Continued)
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Figure 5. Time development of flow field for case B: (a) density contours, 1.2 < p < 1.65, 80 levels; (b)
density contours, 1.1 < p < 1.6, 80 levels; (c) Mach number contours, — 0.5 < M, —1.0<0.5, 80 levels;
(d) Mach number contours, — 0.6 < M, — 1.0 <0.28, 80 levels.
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Figure 5 (Continued)
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Figure 6. Schematic diagram of single vortex—shock interaction.

8y

yfl u, u

APdh/Pr@ = v (41)

From Equation (4.1) it can be seen that the variation in the y-direction behind the shock
depends on the incoming velocity and the rotating velocity of the vortex. Because of
different strengths of the shock in the y-direction due to different incoming Mach numbers
with time integration, at the later time of interaction the deformation of the shock becomes
unsymmetrical (see Figures 3 and 4). During the time of unsymmetrical deformation of the
shock, the second quadrupolar nature of the sound, which follows the first one, is formed
(Figures 3(b) and 4(b)). Also we can see non-uniform propagation characteristics of the
sound field due to pressure gradient in the y-direction.
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792 FU DEXUN AND MA YANWEN

4.3. Structures of discontinuities

In cases A and B in the lower plane upstream of the shock we have incoming velocity
u, —u, In the flow field there is a sub-domain in which the incoming Mach number
M_ — M, is less than 1. That is, the incoming flow is subsonic. In this case, the lower part
of the shock is broken when the centre of the vortex goes across the shock. It is the
residue of what was a shock wave. This can be seen in Figure 5(c) clearly. In the figure the
dash lines show the region of subsonic flow, and the solid lines show the region of
supersonic flow.

When the centre of the vortex goes through the shock, the deformed shock starts to
restore and the broken shock is soon recovered. After that the secondary discontinuities
with a cusp between the compression zone and the rarefaction zone near point B (Figure 6)
is formed due to pressure gradients in the y-direction and vortex rotation. These disconti-
nuities are called secondary shocks, as in References [7—10]. Both secondary discontinuities
attach to the main shock near point B. One of the secondary discontinuities touches the
vortex and is sustained by vortex rotation after vortex away from the shock, and another
one will decay with increase of moving distance of the shock. These secondary discontinu-
ities can be seen clearly in Figures 3(c) and 4(b). In both sides of these discontinuities the
flows are subsonic (Figure 5). The strength of the secondary discontinuities depends on
pressure difference AP, in Equation (4.1). For M, >1 when AP, is large enough, the
secondary discontinuities will be shock. This can be seen clearly in the case of a pair of
vortices—shock interaction in the next section (see Figures 7(b) and 8(a)). From Figure 4(b)
and (c) we see that the upper branch follows the circulation of the vortex and decays as the
structure moves away from the shock. The lower branch is stronger and embedded in the
rotating vortex. From Figure 4(b) and (c) it can also be seen that the vortex rotates across
the lower branch of the secondary discontinuities.

During the time of formation of the secondary discontinuities from density contours (case
B, Figure 5(a) and (b)), we can see two slip lines emerging from the vortex and attaching
to the main shock. This kind of discontinuity cannot be seen in the corresponding pressure
difference contours in Figure 4(b) and (c). Formation of the slip lines is due to interaction
between the secondary discontinuities and the main shock.

5. A PAIR OF VORTICES-SHOCK INTERACTION

The flow parameters in computation for the case of a pair of vortice—shock interaction are
Re=400, M =12 and M,=0.5. The shock initially is located at x= —0.1 as for the
case of a single vortex—shock interaction. From Equation (4.1) it can be seen that in this
case the flow disturbance behind the shock is stronger when comparing with cases A and
B. The centre of the upper vortex initially is located at the point ( — 3, 2), and the centre of
the lower vortex is at the point (— 3, — 2). For the first case (case C), near the central line
y =0, the flows of both upper and lower vortices are rotating positive towards the x-direc-
tion. For the second case (case D), near y =0, the flows are rotating negative towards the
x-direction. In these computations there are vortices—shock and vortex—vortex interactions.
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Figure 7. Time development of pressure field for case C: (a) —0.5<AP <0.1, 80 levels; (b) —0.5<
AP <0.6, 70 levels; (¢) —0.5 <AP <0.25, 50 levels; (d) —0.5<AP <0.12, 50 levels.
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Figure 7 (Continued)

Copyright © 2001 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2001; 36: 773—805



SUPER COMPACT FINITE DIFFERENCE METHOD 795

Figure 8. Density contours for case C: (a) —0.8 <p < 1.5, 70 levels; (b) 1.1 < p < 1.45, 50 levels.
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Figure 9. Mach number contours for case C: (a) —0.5<M,—1<0.7, 80 levels; (b) —0.6<M,—1<
0.3, 60 levels; (c) —0.5<M,—1<04, 60 levels; (d) —0.6<M,—1<0.4, 60 levels.
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Figure 9 (Continued)
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5.1. Computed results for case C

Consider case C, the computed pressure difference (sound field) at different times is given in
Figure 7 and the density and the Mach number contours are given in Figures 8 and 9
respectively. Quite a large difference in structures compared with the single vortex—shock
interaction is obtained near y = 0. From the sound field (Figure 7) we can see formation of the
precursor and the sequential sounds. Comparing the pressure contours at t = 5.0 (Figure 7(b))
with the density contours at the same time in Figure 8(a) we see the difference near y =0
between two vortices. They are slip lines. Schematic diagrams are given in Figure 10. The flow
structures at early times of interaction can be analysed, as in Figure 6, for a single
vortex—shock interaction, but there is a big difference downstream of the shock, near y =0.
Considering the flow field structures at early times of interaction near the central line, with
similar analysis as in last section it can be seen that the deformation shock near y = 0 is toward
upstream compared with the neighbouring points of the shock. According to the shock shape

shock shock . | shock
+ A
—
—>
+ A \ +A
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— —
- B
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" e Y
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e +D
- D +D + E
+ E
+ E - F
— —> - F 4
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Figure 10. Schematic diagram of a pair vortices—shock interaction.
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near y =0 we know that in zone D (Figure 10(A)) behind the shock we have rarefaction and
AP < 0. The negative pressure difference can be seen in Figure 7(a) near y = 0 behind the shock
at ¢t =2.0. This small rarefaction dissapears with time integration (Figure 10(B)). At a later
time, the deformed shock is restored. The restoration is slower near the central line because of
a two-side effect from the upper and lower vortices. Compression is obtained near point D
(Figures 7(b) and 10(C)). We can also see compression near points A, C, E and G, rarefaction
near points B and F at the early stages of interaction (Figure 10(A)). From Figure 7(b) it can
be seen that there are two branches of secondary discontinuities that attach to the main shock,
and each branch has its own sub-branches. With time integration the sub-branches merge into
combined structures. In this case, the strength of the secondary discontinuities is much
stronger than the case of a single vortex interaction. Therefore the secondary discontinuities
may become shocks, and the triple point is formed at ¢=5.0 for case C (Figure 7(b)).
Comparing the density contours (Figure 8(a)) with the sound field (Figure 7(b)) we can see a
pair of slip-line structures between two branches of discontinuities near y = 0.

From figures for Mach number contours we see that at the time when the centres of vortices
are near the shock (z = 2.5) we have broken shock (Figure 9(a)). At a later stage (Figure 9(b))
we have a large supersonic region near the triple point. Inside the supersonic region between
two outer sub-branches of discontinuities there are small subsonic regions. The outer
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Figure 11. Pressure distribution for case C: (a) at x= —0.54 at t+=2.0 and x=1.4 at 1 =4 along the
y-direction across the centres of vortices; (b) at y =0 along the x-direction.
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Figure 12. Time development of pressure field for case D: (a) —0.75 <AP <0.05, 80 levels; (b)
—0.55< AP <0.95, 80 levels; (c) —0.5<AP <0.3, 60 levels; (d) —0.5<AP<0.15, 60 levels.
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Figure 12 (Continued)
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t=2.5

Figure 13. Mach number contours for case D: (a) — 0.6 <M,—1<0.7, 80 levels; (b) —0.6 <M,—1<
0.4, 80 levels; (c) —04<M,—1<0.3, 60 levels; (d) —0.5<M,—1<0.35, 60 levels.
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Figure 13 (Continued)
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sub-branches may be reflecting shock because the flows in their upstream are supersonic. At
a later time, the supersonic regions turn into two sub-regions, one near the triple point and
another between two vortices (Figure 9(c)). Two ends of each reflecting discontinuity may be
the shocks.

Figure 11(a) gives the variations of pressure difference (P — P_)/P., at t =2 along the line
x= —0.54, and (P — P,)/P_, at time ¢t =4 along the line x = 1.4 as a function of y, where the
vortex centres are located at the corresponding points. From curves it can be seen that the
disturbed region is enlarged after vortex—shock interaction. Figure 11(b) gives the variations of
pressure difference (P — P_.)/P,, along y =0 as a function of x at t =2.0, 5.0 and 10.0. From
Figure 11 it can be seen that at time ¢ = 5.0 for case C, when the triple point is formed the
pressure disturbance has the largest amplitude. From this figure we also can see the movement
of the first (precursor) and second sound.

5.2. Computed results for case D

The computed results of sound fields and Mach number contours for case D are given in
Figures 12 and 13 respectively. Formation of the sounds at the first stage of interaction can be
analysed as for case C. From Figure 13, for the Mach number contours, we see that the shock
is broken at r=2.5, and there is a large area with subsonic flow upstream of the shock. As
discussed for the single vortex—shock interaction, it is the residue of what was a shock before
interaction. We also see supersonic regions downstream of the shock (Figure 13(a)). This is
because of the large tangential component of velocity. At t=4.0 we have two supersonic
regions symmetrically located according to the axis y =0 (Figure 13(b)). At = 6.0 there are
four supersonic regions, two of them are very small near the triple points.

6. CONCLUSION

A new high-order accurate method, the SCFDM, is analysed. From the analysis it is concluded
that the SCFDM has better resolving efficiency than the traditional and compact difference
methods. The SCFDM is used to approximate the compressible Navier—Stokes equations and
simulate vortex—shock interactions. From computed results we can see the process of forma-
tion of the sounds and the reflecting discontinuities. It is noted that deformation of shock
during the time of interaction produces complicated flow field structures. Simulation shows
that for weak vortex—shock interactions, as computed in the present paper, the majority of
reflecting discontinuities are not the shocks. The existence of reflecting shock depends on the
strength of interaction. A peak in amplitude of pressure disturbance in the flow field is
obtained during the time of formation of the triple points.
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